Introduction {#Sec1}
============

The studies of molecular spectra of diatomic molecules are of great interest. Different ways are to the study of molecular spectra that require a large number of parameters to account for the structure of the molecules. Algebraic methods are one of the most useful methods for studying molecules. The main features and applications of Lie algebraic methods have been described in books^[@CR1],[@CR2]^ and review articles^[@CR3]^ in the last few years. There are many studies based on the interaction boson model(IBM)^[@CR4]--[@CR6]^. This Lie algebraic method is based on the second quantization of quantum numbers within the creation and annihilation operators.

The diatomic molecules are like two-body systems. Two-body systems have one-dimensional and three-dimensional algebraic models corresponding with algebra $\documentclass[12pt]{minimal}
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                \begin{document}$$U\mathrm{(4)}$$\end{document}$, respectively (see Fig. [1](#Fig1){ref-type="fig"}). Various important features of the quantum algebraic formula for both the one and three-dimensional (exactly solvable) have been checked using suitable dynamical symmetry^[@CR7]^.Figure 1Various limiting cases of this theory.
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                \begin{document}$$U\mathrm{(2)}$$\end{document}$ algebraic models in the analysis of experimental data have been used so far in recent years. Rotations and vibrations are treated simultaneously in the $\documentclass[12pt]{minimal}
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                \begin{document}$$U\mathrm{(2)}$$\end{document}$ model treats rotations and vibrations separately. Iachello, Levine, and co-workers have described the rotation-vibration spectra of diatomic and triatomic molecules^[@CR8]--[@CR12]^ using $\documentclass[12pt]{minimal}
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                \begin{document}$$U\mathrm{(4)}$$\end{document}$ algebra. In ref. ^[@CR13]^, the experimental vibrational spectra of small and medium-sized molecules have been studied by algebraic techniques. These techniques are based on the idea of dynamical symmetry $\documentclass[12pt]{minimal}
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                \begin{document}$$U\mathrm{(2)}$$\end{document}$ algebra.

In ref. ^[@CR14]^, vibrational spectra in diatomic molecules in sentences of the $\documentclass[12pt]{minimal}
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                \begin{document}$${U}_{q}(2)\supset {O}_{q}(2)$$\end{document}$ symmetry have been characterized. The different uses of quantum deformed algebraic have effected in nuclear and molecular physics^[@CR15],[@CR16]^. The $\documentclass[12pt]{minimal}
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                \begin{document}$$q$$\end{document}$-deformed IBM Hamiltonians were developed by Pan^[@CR17]^, in which generators were used to construct the corresponding $\documentclass[12pt]{minimal}
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                \begin{document}$$q$$\end{document}$-deformed vibron model of the diatomic molecules is reported by Alvarez *et al*. in ref. ^[@CR18]^. Also, we studied the phase transition of the even and odd nuclei based on $\documentclass[12pt]{minimal}
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                \begin{document}$$SU\mathrm{(1,1)}$$\end{document}$ algebraic model^[@CR19],[@CR20]^.

In this paper, exact solutions of the solvable Hamiltonian about the relative motion in a two-body system on Lie algebras were obtained. One has to employ some complicated numerical methods to diagonalize the transitional Hamiltonian in analytic and exact solvable solutions of the duality paring models in diatomic molecules at rotational and vibrational modes, but Pan *et al*. in refs. ^[@CR21]--[@CR23]^ have suggested a new solution which is based on the affine $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$SU(1,1)$$\end{document}$ Bethe ansatz algebraic technique. We have defined the molecular spectra for diatomic molecules by using transitional Hamiltonians which are based on the affine $\documentclass[12pt]{minimal}
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                \begin{document}$$SU(1,1)$$\end{document}$ algebraic technique and quantum deformation theory^[@CR24]--[@CR26]^. We also considered the variation of the control parameter in the transitional theory. Our results propose a vibrational-rotational transition in the diatomic molecule and also explore the structures of the molecules. We have distinguished reasons to opt for the algebraic approach which constitutes a new method in the molecular system. The first reason is that it is a solvable model, a deformed version of the dynamical symmetries diatomic molecules has been constructed and we can have good accuracy in the study of energy spectra in the molecule.

The structure of this manuscript is as follows: section 2 briefly summarizes theoretical aspects of the transitional Hamiltonian, the affine $\documentclass[12pt]{minimal}
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                \begin{document}$$q$$\end{document}$-deformed version for two-body systems. Section 3 includes the results and finally, Section 4 will contain discussion of the present results and plans for further work.

Theoretical framework {#Sec2}
=====================
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Transitional theory {#Sec3}
-------------------

The one-dimensional vibron model has been used for molecular spectroscopy. This algebra can be used to describe stretching vibrations of molecules. To provide a realization for the $\documentclass[12pt]{minimal}
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Dynamical symmetries for one-dimensional problems can be studied by considering all the possible subalgebras of $\documentclass[12pt]{minimal}
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To find the non-zero energy eigenstates with $\documentclass[12pt]{minimal}
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By using the commutation relations given by Eq. ([2.2](#Equ2){ref-type=""}), it can be verified that all coefficients $\documentclass[12pt]{minimal}
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*N* is the normalization constant and,$$\documentclass[12pt]{minimal}
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By using Eq. ([2.14](#Equ14){ref-type=""}) and the commutation relations of Eq. ([2.2](#Equ2){ref-type=""}) which leads to a set of Bethe Ansatz equations, the c-numbers $\documentclass[12pt]{minimal}
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So, the new form of Eq. ([2.16](#Equ16){ref-type=""}) would be$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\frac{\alpha }{{y}_{i}}=\frac{{C}^{2}\left({\nu }_{s}+\frac{1}{2}\right)}{1-{C}^{2}{y}_{i}}+\frac{\left({\nu }_{t}+\frac{3}{2}\right)}{1-{y}_{i}}\sum _{i\ne j}\frac{2}{{y}_{i}-{y}_{j}}$$\end{document}$$

We then repeat this procedure with different $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha $$\end{document}$ to minimize the root mean square deviation, σ, between the calculated energy spectra and experimental counterparts which explore the quality of extraction processes. The deviation is defined by the equality:$$\documentclass[12pt]{minimal}
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                \begin{document}$${N}_{tot}$$\end{document}$ is the number of energy levels that are included in the extraction processes. We have extracted the best set of Hamiltonian's parameters via the available experimental data.
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U\mathrm{(4)}$$\end{document}$ calculation via $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$SU(1,1)$$\end{document}$ Lie algebra. In the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U\mathrm{(4)}$$\end{document}$ case, the Hamiltonian can be considered as$$\documentclass[12pt]{minimal}
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The eigenvalues of Eq. ([2.21](#Equ21){ref-type=""}) can be expressed as$$\documentclass[12pt]{minimal}
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In the study of molecular spectra, various approaches have been used. The Dunham expansion approach is very important. Rotational-vibrational molecular spectra are usually described in terms of the Dunham expansion$$\documentclass[12pt]{minimal}
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                \begin{document}$${Y}_{ik}$$\end{document}$ are the Dunham coefficients, which are fitted to experiment. The energy of rotational and vibrational levels of molecules can be investigated separately and summed. To do this, we use the characteristic values of the diatomic molecule. The investigation of the energy spectra in both vibrational and rotational states can be abbreviated as rovibrational (or ro-vibrational) transitions.

To find the band spectra in both rotating vibrators of the diatomic molecule, it would be convenient to use a Dunham expansion based on the quantization of the energy levels. The particular advantage of this method is that it gives a very good approximation to the actual energy levels by consideration of higher quantum effects. First of all, we calculate the energy spectra of the diatomic molecule by Dunham expansion then we reproduce these values by the algebraic approaches^[@CR27]^.

The Dunham expansion to the same order in $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{array}{rcl}E(v,j) & = & \sum _{i=1}{Y}_{i0}{\left(v+\frac{1}{2}\right)}^{i}{[j(j+1)]}^{0}=\sum _{i=1}{Y}_{i0}{\left(v+\frac{1}{2}\right)}^{i}\\  & = & {Y}_{10}{\left(v+\frac{1}{2}\right)}^{1}+{Y}_{20}{\left(v+\frac{1}{2}\right)}^{2}+{Y}_{30}{\left(v+\frac{1}{2}\right)}^{3}+{Y}_{40}{\left(v+\frac{1}{2}\right)}^{4}+\ldots \end{array}$$\end{document}$$
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                \begin{document}$$N$$\end{document}$ is the total number of bosons. The maximum number of bound vibrational states is $\documentclass[12pt]{minimal}
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Transitional theory based on *q*-deformed algebra {#Sec4}
-------------------------------------------------
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Numerical result {#Sec5}
================

In this section, we investigate the extent to which the Hamiltonians can describe experimental spectra. The cases discussed above are interesting because they provide analytic expressions for the properties of the system that can be easily compared to the experiment. In our considered framework, we have compared the predictions of the transitional Hamiltonian for energy spectra with their experimental counterparts. On the other hand, predictions of our model for the control parameter, $\documentclass[12pt]{minimal}
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The spectra of diatomic molecules in the framework of the $\documentclass[12pt]{minimal}
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Using the Lie algebraic method based on quantum deformed and nondeformed, we reported in these methods for a diatomic molecule. We have presented here an algebraic approach to molecular rotation-vibration spectra. In this work, we have confined ourselves to the study of diatomic molecules, in order to introduce phase transition based on deformed and nondeformed employed in $\documentclass[12pt]{minimal}
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